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Strictly pseudoconvex boundaries

Assume that Q ¢ C" is a smoothly bounded strictly pseudoconvex
domain. Then we first recall the following notions:

@ Extremal and stationary discs;
© Chern-Moser chains;
© Segre varieties (if the boundary is, in addition, real analytic).
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Extremal and stationary discs

For p € Qand v € T2, an extremal disc at p in the direction of v is a
solution 7: D — Q of the extremal problem

sup{|g'(0)]: g: D — Q, g(0) =0, g’(0) = A\v for some X > 0}.

@ Lempert (1981): extremal discs extend smoothly to the boundary
If 2 is convex.

@ Every extremal disc is stationary, meaning that there exists a lift
(f, f), holomorphic except for a pole of order 1 at the origin, which
is attached to the conormal bundle T°M.

@ Huang (1994) Localization for strictly pseudoconvex boundaries:
For every py € 022, there exist a € > 0 such that extremal discs at
points p on the inward normal at pg in directions v such that
v — T v| < e|v| satisfy the same conclusion.
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Invariance properties

@ Extremal discs are invariant: If h: Q — Q' is a holomorphic map,
and f is extremal, then ho f is extremal.

© Stationary discs are invariant: If h: Q — Q' is a holomorphic map
and f is stationary, then ho f is stationary.

© The latter statement actually nicely localizes as well.

Invariant curves

In particular, the boundary traces of stationary discs give CR invariant
curves in 0f).

B. Lamel (Universitat Wien) Strictly pseudoconvex boundaries



An example

For the sphere |z1|? + | 25| = 1, extremal discs are intersections with
complex planes. Computing with “Heisenberg coordinates”,

o(z,w) =Imw — |z|?:
_ 1
aQ— (—Z,E .

If (f,) is the lift of a stationary disc, then there exists an h > 0 defined
on 0D such that f = h(0p extends holomorphically to D, and

/ CTR(C)D(F(C)) =0, n>1.

This implies that h(¢) is constant and thus ¢f(¢) = ¢f (%) only has
positive Fourier coefficients. Thus f;({) = a+ b(, and

la+ b(|? = |a]® + abl + ab¢ + |bj?zz = |a|? + |b|? + ab¢ + abl =
Im (i(|a® + |b|?) + a — ib¢)
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Invariant geometry |: Cartan

Given a strictly pseudoconvex hypersurface in C?, it comes with the
distribution T°M = (TOM)+ = ().
h(X,Y)=0([X,Y]) = —-do(X,Y),

Positive definite (Levi form associated to 6.)

E=(ub:u>0), w=ub.

OnE:
dw = igﬁcu1 Ao+ wA o,

with w, w!, @', v spanning T*E. Freedom for such frames:

& 1 0 0O O w\

0o TOu

5}1 — 5\ 0 IL—L 0 -1 ) ’/'L’ =1.

\ ¢ \s iud —iix 1) \p/

Yields bundle Y over E.
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Theorem (Cartan 1932)

There exists a unique frame w,w'. &', ¢, a, 8,1 of CT*Y and
invariantly defined functions Q, R such that

do=iw' "' +wAne, do'=w'Aa+wAB, ¢=a+a,
Y

do=iw' AB—id"' ANB+wAY, da=io'AB+ 2iw /\B_EAw’
ds = &Aﬁ—%/\w‘ + Qo' Aw, di = pAY+2iBAB+(Rw' +F?@1)/\w.J

Definition

A curve ~ is called a chain if it solves the system of ODEs w' = 5 = 0.

Note the equations for the real forms w, ¢, and ) along a chain:
do=wANAp, do=wAvy, dY=pA

giving a canonical parameter along the chain (up to a linear fractional
map).
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Invariant geometry |l: Chern-Moser

Rezy = |2o|* + (22, 22, Im 21) = |22|* + Z%,B('m 21)22° 2",
o, B

Theorem (Chern-Moser normal coordinates)

Let (M, p) be a real-analytic hypersurface. Then there exist
holomorphic coordinates (z, w) in whichp =0 and ¢, 5(Im zy) = 0 if
min(c, B) < 1 or(a, B) € {(1,1),(2,2),(83,3),(2,3),(3,2)}. Any other
choice (z, w) = Ha(z,w) forsome A = (A, a,t) € C* x C x R, with Hp
uniquely determined by the requirement that it agrees with the map

(z1,22) — Ll R
122l \1 423z + (|a + i)z 1 + 23z, + (|aP + it)z

up to order two.
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Chains in Chern-Moser

Chains in Normal Coordinates

In Chern-Moser normal coordinates, the line z> = 0 in M is a chain.
Conversely, every chain is realized in that way.

@ The geometric data determining a chain is essentially a direction
transverse to T°M and a vector from T¢M; roughly a and .

@ Yields a curve ~ with a frame of T¢M along ~.
@ The parameter change roughly corresponds to the t.

Umbilicity and sphericity

A point p is umbilic if ¢47§(O) = 0 in one (and hence every) set of
normal coordinates at p. M is locally spherical if it is umbilic at every
point.
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An example

Recalling that the automorphism group of the sphere given in the form
Re zp = |z

IS generated by the maps

(21, 20) Lk o )
122 1 +2az; + (a2 + it)z" 1+ 2az, + (|a? + it) zy

together with the translations
(21,20) — (21 + @, 2o + 23z + |a|* + ir),

one can check that the intersection with any complex line can be

brought into the form z; = 0, and thus the chains are exactly the
Intersections with complex lines.
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Invariant geometry lll: Fefferman

Considering p = x; — (X5 + ¥2) — p(x1, X2, y2) as the defining equation
of M, one can iteratively construct approximate solutions to the
Monge-Ampere equation

(K) (K)
(’O(k) Pz, Pz, \
k k k
J(p(k)) — det ,0(21) (k) (k) — 1+ O(pk—H)

’02121 pZ122

(k) (K) (k)
\’0 22 Pzz, P 22?2)

5— J(p)
oM=L p(2>p<1)< 4(P )>,

v J(p)

p(3) can be used to construct a nice metric on a circle bundle S x M
over M, here with coordinates (xg, X1, X2, yo):

: 2 2 (2)
2_ _ (52 _ 5.2 P s
os® = —3 (ap Hp ) dxo + ,-; 52,05, dz,dz.
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The Hamiltonian

To compute the light rays of this metric, whose projections to M are
again the chains,

0 ipz,  Ipz, | |
®=J(p), A=|—irzy Bpzz 3pzz, |, P =(Px: Py, Pr +iby)
_IPZQ 3102221 31022?2
_ ~ 5
0P = <07 (DZ y (DEQ) ) ¢ = (3¢jF B _(D/(DF)

allows us to compactly write its Hamiltonian
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An example

The equations

H(x,p) =0, x'=Hp(x,p), p = —Hx(x,p)

now give us a very concrete way to compute the chains. In the case of
the sphere, one obtains

(0 =6pxpy, — |2

/

Xo = 6Py,
Y1 = 6px, — 2|22|°py, + 2¥2Px, — 2X2py,
Xé — 2y2p}/1 T 2Px2

/

{ Y2 = —2X2Py, — 2Py,

‘2:0;2/1 + 2Y2Py, Px; — 2X2Py, Py, — p)2(2 o p}2/2

Py, =0
Py, =0

Py, = 2X2Py, + 2Py, Py,
P}, = 2Y2P;, — 2Py, P,
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Summarizing: Chains

In summary, the family of chains is another family of local CR invariant
curves. They can be obtained in a number of ways:

@ Intrinsically through the complete parallelism from Cartan;
@ Extrinsically through Chern-Moser normal coordinates;
@ Extrinsically through Fefferman’s metric.

We remark that Fefferman used his approac to provide an example of
“spiraling” chains.
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Segre varieties

It M is real analytic, given by
Q(Z1 y £2, 21 ) 22) — 07

then the Segre variety associated to the point p is the complex variety
given by
Sp = {(z1,22): 0(z1,22,p1,P2) = 0}.

They have the property that
QeESpepeESy, peSpepeM, H:M— M= H(S) C SHp)-

For p ¢ M near M on the concave side, we have that S, intersects M
transversally in a closed curve (which is everywhere transverse to the

complex tangent space).
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Traces of Segre varieties; and an example

The traces of Segre varieties therefore yield a third family of local CR
invariants (if M is real analytic of course).

If M is the sphere, given by Re z; = |2,|?, the Segre variety associated
to p = (3, b) is given by z; + a = 2zb. In other words, the Segre
varieties are just complex lines ... again.
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An observation and an old result

Therefore, if M is the sphere, the three invariant families:
@ Boundaries of stationary discs;
@ Chains;
© Traces of Segre varieties (“Lewy’s curves”);

all agree. However, one easily constructs examples where they are all
different. So when do they agree?

Theorem (Faran, 1981)
If the traces of Segre varieties agree with the chains, then M is locally
spherical.

Remark: Faran attributes this question to Lewy. The proof is through a
thorough examination of the structure equations; Faran’s theorem also
holds in C” for n > 2, where one has to consider intersections of Segre

varieties.
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A bit newer result

One might wonder about the same question but comparing Lewy’s
curves to traces of extremal discs (which one probably should refer to
as Kobayashi curves).

Theorem (Bertrand-Della Sala-L 2019)

If the traces of Segre varieties agree with the traces of extremal discs,
then M is locally spherical.
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A bit newer result

One might wonder about the same question but comparing Lewy’s
curves to traces of extremal discs (which one probably should refer to
as Kobayashi curves).

Theorem (Bertrand-Della Sala-L 2019)

If the traces of Segre varieties agree with the traces of extremal discs,
then M is locally spherical.

This actually follows from a bit stronger theorem:

Theorem (Bertrand-Della Sala-L 2019)

If the traces of Segre varieties associated to points on an outward
normal at p € M agree with the traces of extremal discs, then p is an
umbilical point.
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And the “newest” result

Theorem (Bertrand-Della Sala-L)

Let M c C? be strictly pseudoconvex and of class at least C12. If the
chains of M are boundaries of stationary discs, then M is locally
spherical.

Remarks:
@ Again follows from a stronger result (below).

@ We need to assume C'2 at the moment for reasons to be
elaborated.

@ For M c C", where n > 2, we speculate an even stronger theorem
might be true by current results of Della Sala and coauthors.

B. Lamel (Universitat Wien) Strictly pseudoconvex boundaries



On the way to the “real” theorem

Let xo(.,0), v, 1, € be four functions in s of class C’. Then there exists
a family of initial conditions of the form

y1(5.0) = s%¢(s).  22(5,0) = 5+5°(S), P(s.0) = —%82+86x(8),

3 3/
p}/1 (Sa O) — _Z7 p22(87 O) — _ZS + S5€(S)

for some function y of class C’ such that

H(XO(Sv O)v )4 (37 0)7 ZZ(Sv 0)7 pXo(57 O), Py1 (Sa 0)7 ng(Sa O)) — O,

where H is the Fefferman Hamiltonian associated to p.
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The real theorem, as promised

Let M c (C?,0) be a strictly pseudoconvex hypersurface of class C'?
with local defining equation of the form

p =2Re z —(122]2 +2a|z5|*Re z5 + (Im z1) - (Im 24, 2o, Z2) + 5(22,?2))

where n and ¢ are of weighted order O(6) and O(7) respectively. If
every chain for M for a family of starting conditions as in the preceding
Lemma is the boundary of a stationary disc then a = 0.
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Weighted expansion of the Hamiltonian

We use a natural grading in order to understand the Hamiltonian we're
Interested in as a perturbation of the Hamiltonian Hy associated to

pPo = 2Rezy — |Zg‘2 — 23’22’4 Re 222

which looks like

64a
Ho =24a(Re Z5)p5, + <2 3 (|22]? Re 222)) PxoPy; +

ia _ _
3 (2422222 + 822) Px, Pz
% B 1
B % (825’ - 242222) PxoPz, T 3 (—|z2|* + 4a|z2|* Re 25) P,
e B j B
i é (22 — az (4|22|4 T 623)) PPz — 3 (22 — az2 (4]z2|* + 623)) py, Pz,
1
~ 5 (1-16a|z|” Re ) |, .

It turns out that H = Hy + O(7) for any perturbation of og.
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Using the Hamiltonian

If we use the weighted expansion of the Hamiltonian, we can get a
number of nice properties of the chains associated to our starting
conditions; in particular, we can compute some information of the
expansion in s of the family of chains (s, t) associated to our starting
condition, and a good enough control on the period T for closed
chains (s, -).

We then take this information and plug it into the stationarity moment
conditions, and after some technical detail, get a = 0.
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Some of the details

We now solve the Hamiltonian system associated to ¢ and get:

We have

Zo(s,t) = set — % 5260 4 0(s%), yi(s, t) = O(s?).

3

The trick is that this is actually equivalent to solving the Hamiltonian
system associated to Hy, which...
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The Hamiltonian equations for H

0= Ho (22(t)7pxo(t)7PY1 (t)vpzz(t)) 3 p)/(o =0, p}//1 =0

/ 64a
Xo = 48a(Re z2) px, + (2 ~ 3 (|z,2|2 Rezg)> Py,
ia ia
3 3

, 64a 2
yi = (2 — T(IZ‘2|2 Rezg)) Px, + 3 (—|Zz|2 + 2a|z|" Rezg) Py

+ = (2452, + 823) ps, — = (82 + 242,73 ) s,

i/ _ i _
+ = (22 — az(4)z|* +623) ) pz, — 5 (22 + @Z2(4]2|* +623) ) Pz,
3 3
16ia _ 2j _
zp = — — (zé3 + 3|22|222) Po— 3 (22 — alz|*(6z5 — 42225)) oy,

2
— = (1 — 16a|2|° Rez§) Pz,

3
, _ 64a _ 96ai
pl, = — 48Z20%, + — (28 +8223) ProPys — —m (Re Z3) ProPz

3 3
96ai 2 _
4 T|zz|2px0pz2 + 3 (Zz — 4a|z|*(z + 22223)) Py, +

12ai

<_2 + 16a|22|2(222 + 32%)) Py Pz, — T (Zg + 2222?%) Py pfz

]

*3
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Enforcing stationarity

Now assume that (z;(s, -), 22(S, -)) coincide with the boundary of a
stationary disc fs = (gs, hs). Now hs is necessarily the Riemann map
associated to the domain bounded by the curve Sg parameterized by
ZQ(S, )

If f5 is stationary then there exists a continuous function as : bA — RT
and functions gs, hs € O(A) N C(A) satisfying

G5(¢) = Cas(() 5 (95(6): hs(€). 85(0). Q)
ho(¢) = Cas() 52 (95(6): hs(€). 8600 A0

for all ¢ € bA. Normalizing this by setting ¢ = hg ' (z) we get...
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Stationarity condition on S

0 _
Hs(z) = zbs(z)a—;; (WS(Z), z, ws(2), z)
and rescale using As(z) = £ to Ss.

The point of using S and és Instead of the unit circle is that we can
now plug the approximate formulas for z» into the moment conditions

ﬁ 2" Gy(52)dz = [ 2"Hg(sz)dz =0, m > 0.

These equations can now be analyzed with some care to yield a = 0.
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Thank you for your attention!
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