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Let 2 € R” be an open set, 1 < p < .

The p-Poincaré inequality is said to hold for €2, if there exists a
constant C > 0 such that

() lfllp < Cl[V]p forall feCs(Q2)

» Goal Describe validity of (1) in potential-theoretic terms!
» Notation:

M p(2) = inf { ||||Vf|f|L|)g e (2)\ {O}}
p

= (1) holds if and only if Ay ,(£2) > 0.
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(i) Letf e Cg°((a,b)), then
f(x) = /X f'(t) dt = |f(x)| < /X /(1) dt

= [f(X)]P < (/:yf'(t)yp dt) (/:1 dt)p_1.

Hence, there exists a constant C > 0 such that

Ifllo < ClIfl,.

(i) Similarly, if @ ¢ R" is open and bounded in one direction,
then A\q p(£2) > 0.
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Simple Observations
(i) Recall

M@ = inf{ I F e @)\ {0},

and consider for s > 0 the bijection

C(Q) — C(sQ)
fis f5(x) = F(x/8).

Then A\ 5(sQ2) = s7PX p(2), and hence
M p(R™) < A p(Bs(0)) = s7P A p(B1(0)).

ThUS, )\1’p(Rn) — O.
(iv) Let Rq be the inradius of €2, then for R < Rq

M p(R2) < R7PA p(B1(0)),

i.e., if (1) holds, then the inradius is finite.
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Facts
(i) Souplet’99: If Q@ C R” is open and satisfies a uniform
exterior cone condition, then

A p(Q2) > 0ifand only if Rq < oo.

(i) Let WO1 P(Q) be the closure of C°(Q) wrt the LP-Sobolev
1-norm. If 1 < p < n, then

Wy P(R") = Wy P(R™\ 2")
= A p(R") = Ay p(R"\ Z").

However, Rrn = oo and Rgm zn < oo.
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Examples, 1 < p <n

() pp(Br(0)) =r = pp(Br(0) \ {x})
(i) pp(R™\ Z7) = o0

(iii) 1 Q:=R"\ UpegnB_1 (M), then pp(R) = o

|m|+1

(iv) If Q:=R2\ {([my —€,my +¢],mp) : m € Z?} for some

e > 0, then pp(2) < oo.
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CV consequence

Theorem (G.-Lebl-Ramachandran 21, G.’23)

Let Q2 C R" open. Then the following are equivalent.
(i) A1,2(£2) >0,

(i) p2(Q) < o0,

(ili) Jp € C*°(2) bounded such that Ay > ¢ > 0 on 2 for some
c>0.

(iv) If n=2m, then d,_y has closed range in L§ ().

Corollary (G. '24)

Let K C C" be a compact set. Suppose condition (ﬁn ) holds on
K, then condition (P,) holds on K.
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Theorem (G.24)
Let2 C R" be open, 1 < p < co. Suppose A\ p(£2) > 0.
(a) Then

(Pp(2))P < A1,p(B1(0))/ A p(£2).

(b) IfQ2 is a bounded domain. Then, equality holds if and only
ifQ equals B, q)(Xx) \ K for some x and some p-polar set
K.

(c) IfQ is connected, unbounded and such that
pp(£2) = pp(2 N BR(0)) for some R > 0, then equality
cannot hold.
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Back to p-Poincaré - quantitative results

Definition
LetQ C R", 1 < p < 0. For R > 0, set

Or(Q2) =sup{d > 0: Cp(Br(x) N Q) > o for all x}.

> Note: If pp(€2) < oo, then dg(£2) > 0 for all B > pp(Q2).
Theorem (G. '24)
LetQ C R", 1 < p < oo. Suppose pp(£2) < co and R > pp(Q).

Then
or(Q2)
R™||ER||op

Here, ER is a bounded, linear extension operator from
WTP((0, R)") to W-P((0, R)") such that (Eaf)|, »n = -




